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1. Introduction and main results

The study and understanding of various kinds of weighted and unweighted inequali-
ties for differential operators and the Fourier transform have been a matter of intensive
research. This interest has been triggered and sustained by the importance of such in-
equalities in applications to problems in analysis, mathematical physics, spectral theory,
fluid mechanics and stability of matter. Moreover, the sharpness of the constants in-
volved in these inequalities is the key in establishing existence and non-existence results
for certain non-linear Schrodinger equations.

For instance, the Pitt’s inequality, the Hardy-Littlewood—Sobolev inequality and the
logarithmic Sobolev inequality are in connection with the measure of uncertainty [6,8,9].
The Sobolev, Hardy, or Hardy—Sobolev type inequalities are applied to prove stability
of relativistic matter (see [21]). They also deliver insight on the geometric structure
of the space considered, and the knowledge of the best constants also helps to solve
isoperimetric inequalities or decide the existence of solutions of certain PDE’s, see [11]
for a description of these topics.

A lot of work concerning these inequalities has been developed in the context of the
Euclidean space and Riemannian manifolds, but not very much has been done in the
framework of subriemannian geometry, in particular in the Heisenberg group. We refer to
the remarkable work by R.L. Frank and E.H. Lieb [20] where they derive sharp constants
for the Hardy—Littlewood—Sobolev inequalities on the Heisenberg group. We also refer the
reader to [3,7,15,22] concerning several kinds of inequalities related to either the Grushin
operator, or in Carnot—Carathéodory spaces, or on the Heisenberg group. There is a vast
literature on this topic and our bibliography refers only to a very small fraction of the
articles dealing with such inequalities and their applications.

In this article we are concerned with Hardy-type inequalities for the conformally
invariant (or covariant, both nomenclatures seem to be used with the same meaning in
the literature) fractional powers of the sublaplacian £ on the Heisenberg group H". Some
Hardy inequalities are already known for the sublaplacian, see for instance [2,5,22], and
also the very recent work by P. Ciatti, M. Cowling and F. Ricci [13] (see Remark 1.7
below). However, in [5] and [13] where the fractional powers are treated, the authors
have not paid attention to the sharpness of the constants.

To begin with, let us recall two inequalities in the case of the Laplacian A =
- 2?21 88722_ on R”. First, the standard Sobolev embedding W*/22(R") < L™/ (n=s)(R")
for 0 < s <] n leads to the optimal inequality

117 < cns(AY2F, f) (1.1)

. —s/nT(25=
with ¢4 = wy /" Fgéi

R"*! and ¢ = (2n)/(n — s). Here and later, the symbol (-,-) denotes the inner product

where w,, is the surface measure of the unit sphere S" in

in the corresponding space. The above inequality is usually referred to as the Hardy—

s/2

Littlewood—Sobolev (HLS) inequality for the fractional Laplacian A®/? in the literature.
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Secondly, a Hardy-type inequality has the shape

|f ()2 /2
A da < by, (A2 F, 1.2
[ G e < b &L ) (1.2
Rn
for certain constant b, . It is easy to see that a Hardy-type inequality can be obtained
from the HLS inequality. Indeed, one observes that in view of Holder’s inequality applied

to the left hand side of (1.2) with ¢ = (2n)/(n — s), it follows that

2

/ %dm < o/ £ (1.3)

R
with a,, = f]Rn (14 |z|?)~™ dx. Hence, in view of (1.1) we immediately get the Hardy-type
inequality with b, s = af/ "cn.s. In the case of HLS inequality it is known that the
optimizers are given by dilations and translations of the function (1 4 |z|?)~"/4, see
e.g. [11]. The constant in (1.1) is sharp but not the one in the Hardy inequality (1.3),
obtained from the HLS.

There is another form of Hardy-type inequality where the function (1 4+ |2|?)~* is re-

placed by the homogeneous potential |z|~%: for 0 < s < n/2, f € C§°(R™), this inequality
reads as

2
/ / (T2)S| dz < Cp o (ASF, f) (1.4)
Rn

|

where the sharp constant C,, ; is given by

Inequality (1.4) is a generalization of the original Hardy’s inequality proved for the
gradient of f: for n > 3,

(n—2?° [|f(=@)
4 |z[?

R

dr < [ |Vf(z)|* dz.
R[

The sharp constant C, s was found in [6,24,33]. It is also known that the equality is
not obtained in the class of functions for which both sides of the inequality are finite.
Later, Frank, Lieb, and R. Seiringer [21] found a different proof of the inequality (1.4)
when 0 < s < min{1,n/2} by using a ground state representation, which enhanced the
previous results.

In this work we prove analogues of Hardy-type inequalities for fractional powers of
the sublaplacian £ on the Heisenberg group H”. Instead of considering powers of £ we
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will consider conformally invariant fractional powers Lg, see Subsection 2.3 for defini-
tions, and prove two versions of Hardy inequalities, one with a non-homogeneous and
another with a homogeneous weight function. From the inequalities for £s we can deduce
corresponding inequalities for £°, as the operators £5£_, are bounded on L?(H").

The conformally invariant fractional powers L, occur naturally in the context of CR
geometry on the Heisenberg group and also on the sphere S?"*+!. We refer the works
[11,12,20,27] for more information on these operators. They also arise in connection with
the extension problem on the Heisenberg group as expounded in the recent work of Frank
et al. [19].

We denote by W2(H") the Sobolev space consisting of all L? functions for which
L3/ f € L>(H"). Therefore, W*2(H") is a Sobolev space naturally associated to £. Note
that an f € L*(H") belongs to W*2(H") if and only if L,/ f belongs to L?(H"). We
now state our first inequality for £; with a non-homogeneous weight function.

n+1

o and

Theorem 1.1 (Hardy inequality in the non-homogeneous case). Let 0 < s <
0> 0. Then

r(tgte)” [z w)?
49)° 2 s dzdw < (Lf,
( )F( n QH/(((S+411|Z|2)2+1U2) <ALsf, )

for all functions f € W*2(H").

The above inequality is optimal. In fact, the functions u_, s defined in (3.1) optimize
the above inequality as will be checked later.

As in the Euclidean case studied by [21], we can get an expression for the error term
in the above inequality when 0 < s < 1. Let

2
H[f] = (£af. ) - . / M'f;'w)'wQ)sdzdw

n++)

where Cs 5 = (40)° m

ground state representation. In what follows the function u_g s is defined in (3.1).

Then we have the following result which is known as the

Theorem 1.2 (Ground state representation). Let 0 < s <1 and § > 0. If f € C§°(H")
and g(x) = f(x)u_ss(z)~1 then

2
) —
Hs[f] = Ons / % u*s,&(‘r) u,s’(;(y) dzx dy,
H™ H™

where a5 15 an explicit positive constant given by (5.2).
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Remark 1.3. It is possible to deduce a slightly weaker form of the inequality in Theo-
rem 1.1 from the sharp HLS inequality proved recently by Frank and Lieb in [20]. This
inequality, as stated in [11, (3.2)], reads as

ntl—s
I 1+n+s 2(n+1) (n+1)
o o wz"ﬂl(/lg z,w)| = gdzdw> < (Ls9:9)

where L is the conformally covariant fractional power associated to a slightly different
sublaplacian (see [11]) adapted to a different group structure. By applying Holder’s
inequality we can prove

I(1ltnts)? 2 s
45 (53 )2/ lg(z, w)l s dzdw < 271 (L,g, ).
F(Hg=2)" ) (A4 12P)° +w?)

—~

Consequently, rewriting the above in terms of our sublaplacian, we have the inequality

SF(1+72L+5)2 |f(z7w)|2 il
" 2/(<1+iz|2>2+w2)8d2dw<2 (Lof, 1)

which is weaker than the inequality stated in Theorem 1.1. We refer to Section 5.4 for
details.

From Theorem 1.1 we can deduce a Hardy inequality for the pure fractional power
L. It can be shown that the operator Uy := L,£7° is bounded and its operator norm is
given by the constant

+2)

e (1.5)

2k +n\ °I(Z
Ul = su
1.l k;g( . ) e

Using an integral representation for a ratio of gamma functions, ||Us|| can be estimated,

see Subsection 5.3. The Hardy inequality for £° is shown in the following theorem.

Theorem 1.4. Let 0 < s < ”TH and § > 0. Then

—

()’ /(2. w) :
o *3‘S>HZ<<5+1IZ> e = < I )

for all functions f € W*2(H").

We now turn our attention to a version of Hardy inequality with an homogeneous
weight function. As before, we do not deal directly with £° and the required inequality
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will be proved from the following inequality for the related operator
Ay =L L (1.6)
which behaves like £°.

Theorem 1.5 (Hardy inequality in the homogeneous case). Let 0 < s < 1. Then

T /'f“”gsd dw < (AL, 1)
(1—8 5

for all f € Cg°(H").
We also have a ground state representation in this case, see Theorem 5.4.
As the operator V; := A,L™% = L' LL£* is bounded on L?(H") we can immediately

get the following result.

Theorem 1.6. Let 0 < s < 1. Then

2rET(50)" [ |f(z,w)P? :
e / S ddu < V(£ )

for all f € Cg°(H").

We will show an estimate for ||V]|| in Subsection 5.3.

We do not know if the constants appearing in Theorems 1.5 and 1.6 are optimal or
not. We also remark that it is not possible to obtain the homogeneous case from the
non-homogeneous one just by letting d go to 0.

Remark 1.7. An analogue of Theorem 1.6 in the more general context of stratified groups
has been proved recently in the nice work [13] using different methods. They have also
deduced Heisenberg uncertainty principle and logarithmic uncertainty inequality for frac-
tional powers of the sublaplacian. They do not have information about the constants
involved.

We can deduce Heisenberg type uncertainty inequalities for £ and A4 from our Hardy
inequalities as well. This was done by N. Garofalo and E. Lanconelli for the sublaplacian
in [22, Corollary 2.2].

Corollary 1.8 (Uncertainty principles for the fractional powers of the sublaplacian). For
all functions f € W*2(H"), we have
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(1+n+s

r 2

< / F )P (5 4+ 1o + ) dedw) (L4, )

(49)°

n+1

provided 0 < s < . In the smaller range 0 < s < 1 we have

F(lfs %

/ )P dzdw) < ([ 176w Pl(ew) P dedu) (5. ).
Hn
The uncertainty principles are obtained from the Hardy inequalities in Theorems 1.1
and 1.5. Indeed, if we denote by W(z,w) either the non-homogeneous weight ((§ +
|25

1121%)2 + w?)” or the homogeneous weight |(z,w)|?** we have, by Cauchy—Schwarz in-

equality,

/|f(z,w)|2 dz dw

Hn

< (/|f(z,w)|2W(z,w) dzdw)l/g(/|f(z,w)|2W(z,w)71 dzdw)l/Q.

H”™ H~»

The last integral is bounded by (L, f, £)1/% or (A, f, f)*/? times the corresponding con-
stant, by Hardy’s inequality.

Our results are based on ideas presented in [21]. In this regard, we prove ground
state representations for the fractional differential operators involved. The first goal to
establish the ground state representations is the choice of the “ground states”, which are
intimately related to the fundamental solutions of the operators involved. To determine
these ground states we use a result by M. Cowling and U. Haagerup, that we show here
in a more general version, and with a slightly different proof. The other key ingredients
are the integral representations with explicit kernels that we obtain for £, and Ag. These
integral representations seem to be new in the literature, and the approach we use to
prove them is through the language of semigroups.

At this point, we would like to highlight the usefulness of the semigroup theory,
that gives us the chance to get integral representations for our operators. Actually, the
integral representation of the operator A® in the Euclidean case, given for instance in
[21, Lemma 3.1], can be easily obtained with the semigroup approach, see Appendix.

As far as we know, apart from the results in [13], there is no work related to Hardy-type
inequalities for fractional powers of the sublaplacian. However, there are a couple of
papers dealing with Hardy type inequalities involving the Heisenberg gradient. In [1]
Adimurthi and A. Sekar have proved the following inequality for the Heisenberg gradient:
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Vi (2, w)]?
w2 2

dzdw <

(2(n +2 —p))p 2| f (2, w) [P
p (J2]* +w?)?
Hr
valid for 1 < p < (n+2). Observe that when p = 2 the above inequality is comparable to
our result with s = 1/2 but the weight functions are different though of the same homo-
geneity. Their proof relied on explicit computations of the gradient of the fundamental
solution associated to the sublaplacian. A similar inequality with Carnot—Carathéodory
distance in place of the homogeneous norm is proved by D. Danielli et al. in [15] but
again only for the gradient.

Finally, we remark that though we treat only the Heisenberg group in this paper, all
the results can be proved in the more general setting of H-type groups.

The outline of the paper is the following. In Section 2 we give preliminaries, definitions
and facts concerning the Heisenberg group, the fractional powers of the sublaplacian,
and the heat and certain modified heat kernels related to the sublaplacian. Next, in
Section 3, we prove a slightly more general version of some results of Cowling—Haagerup
in [14, Section 3] which allows us to take the suitable weights involved in the Hardy
inequalities. The integral representations for the operators £, and A, are contained in
Section 4. The ground state representations and the proofs of the Hardy inequalities
stated as the main theorems are shown in Section 5. In Section 5 we also compare the
Hardy inequalities we have just obtained for the operators L and Ag to the Hardy
inequalities for the pure fractional powers £°. Moreover, we show with detail the weaker
Hardy inequality that can be obtained from the HLS inequality in [20]. In the final
Appendix we show an integral representation for the fractional powers of the Euclidean
Laplacian by means of the semigroup and the Hardy inequality that is deduced from
that.

2. Preliminaries on the Heisenberg group
2.1. Representations of the Heisenberg group, Fourier and Weyl transforms

Let us first introduce some definitions and set up notations concerning the Heisenberg
group. We refer the reader to the books of G.B. Folland [17], M.E. Taylor [29], and the
monograph [10] of C. Berenstein et al. However, we closely follow the notations used in
[30]. It is possible to work with Bargmann—Fock representations as was done in the papers
by [14] and others. Nevertheless, it will be enough to stick to the Schrodinger picture for
our purposes. We also warn the reader that our notation and certain definitions may be
slightly different from those used by others.

Let H" = C™ x R denote the (2n + 1) dimensional Heisenberg group with the group
law

1 _
(z,w)(z,w') = <z+z',w+w'+ EIm(z : z’)),
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where z, 2z’ € C" and w,w’ € R. We now recall some basic facts from the representation
theory of the Heisenberg group. For each A € R* = R\ {0}, we have an irreducible
unitary representation 7y of H" realized on L?(R™). The action of my(z,w) on L?(R")
is explicitly given by

(2, w)p(€) = €N eNTETTV y(g 4 y)

where ¢ € L2(R™) and z = z + iy. By a theorem of Stone and Von Neumann, any irre-
ducible unitary representation of H” which acts as e*** Id at the center of the Heisenberg
group is unitarily equivalent to 7. In view of this, there are representations of H™ which
are realized on the Fock spaces and equivalent to 7). As we mentioned at the beginning,
we will not use these representations and refer the reader to [17] for details. There are
also certain families of one dimensional representations which do not concern us here.

The group Fourier transform of a function f € L!(H") is the operator-valued function
defined, for each A € R*, by

fO) =m(f) = /f(z,w)m\(z,w) dz dw.

With an abuse of language, we will call the group Fourier transform just the Fourier
transform. Observe that for each A, f()\) is an operator acting on L?(R"™). When f €
L*NL2(H"), it can be shown that ]?(/\) is a Hilbert—Schmidt operator and the Plancherel
theorem holds:

on— 1

/ Few) dzdo = 2 / 1O g™ dA, (2.1)
Hn

where || - ||lus is the Hilbert-Schmidt norm given by || T'||%¢ = tr(7*T), for T a bounded
operator, being T* the adjoint operator of T. By polarizing the Plancherel identity we
get the Parseval formula:

n—1 i N
/f z,w)g(z, w)dzdw = 72r"+1 /tr(f()\)’g\(,\)*>|)\|nd)\.

— 00

Let f* stand for the inverse Fourier transform of f in the central variable w
= / f(z,w)eduw. (2.2)

By taking the Euclidean Fourier transform of f*(z) in the variable A, we obtain
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o

/ e M FA () dA. (2.3)

—00

flew)= 5

o~

We will use this formula quite often. By the definition of m)(z,w) and f()) it is easy to
see that

Foy = / P (2)ma (2, 0)dz. (2.4)
(Cn
The operator which takes a function g on C™ into the operator
[ s@mz00a:
Cn

is called the Weyl transform of g and is denoted by Wy (g). Thus f(\) = Wi (f*).

Taking the inverse Fourier transform in the central variable (2.2) is an important tool
which is quite often employed in studying problems on H". It also converts the group
convolution on H" into the so-called twisted convolution on C™. Let us recall that the
convolution of f with g on H" is defined by

fr9@) = [ Hay gy, ay B
Hﬂ
With « = (2,w) and y = (2/,w’) the above takes the form
Frgeu) = [ f((zw)(=—w)g(e' w)d d
H’n

from which a simple computation shows that

(f *Q)A(Z) = /f)‘(z — z’)gk(z’)e% Im(z2") g,/
C'IL

The convolution appearing on the right hand side is called the A-twisted convolution and
is denoted by f* x) g*(2). We remark that the relation f * g(\) = f(A)g()\) yields, from
the definitions above, the relation Wy (f* %) g*) = Wx(f*)Wa(g™).

2.2. Hermite functions and the Heisenberg group
Now, for A € R* and each o € N", we introduce the family of Hermite functions

PN (z) = [N TP, (\/|Nz), z€R™
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Here, ®, is the normalized Hermite function on R™ which is an eigenfunction of the
Hermite operator H = —A + |z|? with eigenvalue (2|a|+ n), see for instance [30, Chap-
ter 1.4]. The system is an orthonormal basis for L?(R"). In terms of ®} we have the
following formula

IFIEs = > IFVe3

aeNn

and hence, by (2.1), the Plancherel formula takes the form

2n—1 % N
[l wPdde =20 [ (X 1F0@MB) A ax
Hn 0o QENT

Moreover, we can write the spectral decomposition of the scaled Hermite operator
H(\) = —A+ |\?[z|? as

o0

HO) = 32k + m) APV, (2.5)
k=0

for A € R*, where Pj()\) are the (finite-dimensional) orthogonal projections defined on
L2 (Rn) by

PrNe =Y (9, @),
|| =k

where ¢ € L?(R") and (-, -) is the inner product in L*(R™).
On the other hand, we define the scaled Laguerre functions of type (n — 1)

1
R (2) = Lp 7 (GIAlef? )emdIeE, (2.6)

Here Lz_l are the Laguerre polynomials of type (n — 1), see [30, Chapter 1.4] for the
definition and properties. It happens that {@2},;“;0 forms an orthogonal basis for the
subspace consisting of radial functions in L?(C"). These functions play an important role
in the analysis on the Heisenberg group. Indeed, the so-called special Hermite expansion
of a function g defined on C™ written in its compact form reads as

9(z) = 2m) A" D g 0 i (2).
k=0

The name special Hermite expansion is due to the fact that the above is a compact
form of the expansion in terms of the special Hermite functions (7 (z,0)®7, ®3) which
are eigenfunctions of the Hermite operator on C™, see [31]. The connection between the
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Hermite projections Py () and the Laguerre functions cpg, via the Weyl transform, is
given by the following important formula

Wa(pi) = (2m)" A" Pr(N). (2.7)

Observe that, in particular, for any function f on H", we have the expansion

P = m)TA Y e e (2). (28)
k=0
We remark that when f is radial in the z variable, ie. f(z,w) = f(r,w), r = |z|, its

~

Fourier transform f(\) becomes a function of the Hermite operator H(\). To see this, it
can be proved that

Frexen(z) = (Fer(2)

where c(f*) are the Laguerre coefficients of the radial function f* on C" given by

A = ennpay [ P
C‘IL

where ¢, ) is certain normalizing constant. Thus we have the expansion

) = o7 Y A (P )er(=).

k=0

Then, by taking the Weyl transform and making use of (2.7) we obtain

FO) =3P,
k=0

We will use these relations in the sequel, and refer the reader to [30] or [31] for more
details.

2.8. Fractional powers of the sublaplacian

We begin with the definition of the sublaplacian on the Heisenberg group. The Lie
algebra of the Heisenberg group is generated by the (2n + 1) left invariant vector fields

0 1 0 0 1 0 )

The sublaplacian £ is defined by
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DNC AR

Jj=1

which can be explicitly calculated. In fact, if we let

N = Z (my dy; yjai:c])

then

2 0

8
L=—B= 1P as + N

where A is the Laplacian on C™. This operator is the counterpart of the Laplacian on R™.
Moreover, it is a second order subelliptic operator on H" which is homogeneous of degree
two under the non-isotropic dilations 6,(z,w) = (rz,7?w). A fundamental solution of £
was found by Folland [16].

We proceed to obtain the spectral decomposition of the sublaplacian which will be
then used to define fractional powers of £. The decomposition is achieved via the special
Hermite expansion introduced in the previous subsection. The action of the Fourier
transform on functions of the form Lf and T f are given by

~

(LHN =TNHP),  (THN) = —=irf().

If L, is the operator defined by the relation (Lf)* = Ly f* then it follows that

W(Lxf?) = Wa(f)H(N).

Recalling the spectral decomposition of H(A) given in (2.5) and the identity (2.7) we
obtain

o

LafA(z) = (2m) 7" Y2k + ) Af* 5 2 (2).

k=0

Thus, by taking the Fourier transform in the variable A (2.3), the spectral decomposition
of the sublaplacian is given by

o 00

Lf(zw) = (2n /(Z @+ ) o g} 2) ) e M AL (29)

e k=0

Therefore, a natural way to define fractional powers of the sublaplacian is via the
spectral decomposition



L. Roncal, S. Thangavelu / Advances in Mathematics 302 (2016) 106—-158 119

o 00

£ f(zw) = (2n /(Z (2k + m)A) " 50 () )M A A

e k=0
Note that (£ )(\) = F(\)H()*.

However, it is convenient to work with the following modified fractional powers L.
As mentioned in the introduction, the operators L4 occur naturally in the context of CR,
geometry and scattering theory on the Heisenberg group. When we identify H" as the
boundary of the Siegel’s upper half space in C**! the operators £, have the important
property of being conformally invariant. For 0 < s < (n + 1) the operator Ly is defined
by

o0

[e’e) k+n 1+s .
Lafew) =m0t [ (kz_ow i L;;ﬁwmz))eW|A|"dx (2.10)

In short, the above means that £ is the operator (see [11, (1.33)])

L, = (2/T))° ngi g

i

Thus L, corresponds to the spectral multiplier

F(2k+n 4 1J2rs)
M(E o)

(2|\])? keN. (2.11)
Note that £; = £ whose explicit fundamental solution was found by Folland and given
by a constant multiple of |(z,w)|~9+2 where Q = 2(n+1) is the homogeneous dimension
of H”. It is known that L4 also has an explicit fundamental solution, see e.g. page 530
n [14] (more details will be given in Section 3). This makes it more suitable than £?,
whose fundamental solution cannot be written down explicitly. Moreover, Ly is not very
different from £°. Using Stirling’s formula for the Gamma function, it is easy to see that
L = UsL® where U, is a bounded operator on L?(H"), as explained in the introduction.

In view of (2.9), by taking the inverse Fourier transform in the central variable, the
operator £ can be written as

o0

/ Lf(z,w)e™ dw = (27) " [A" > (2K + n)| A} 1 03 (2). (2.12)

k=0

— 00

Analogously, in view of (2.10), by taking the inverse Fourier transform in the central
variable, the operator L is given by the spectral decomposition

AW _ n n - (2]6;‘" + 1-58) A A
Lsf(z,w)e™ dw = (2m) " || g (2|A])° —I‘( T 1—5) I #x 0n(2), (2.13)
k=0 2 2
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and the inverse of the operator L is given by

DN

r —1 AW —n n - —sr( k;—n %) A A
/ Lz w)e™ dw = 2m) AP S @A) et Z ) P (). (214)
P D(25e + 1)

— 00

Notice that £;! = £_, and it can be expressed by convolution with a kernel which we
will explicitly calculate in Section 4.

2.4. Heat kernel and modified heat kernels for the sublaplacian

The sublaplacian is a self-adjoint, non-negative, hypoelliptic operator, and it generates
a contraction semigroup which we denote by e~**. This semigroup is defined by the
relation

~

(TR = Fn)e )
where e~*7(M) is the Hermite semigroup generated by H()):
eftH(/\) — Zef(2k+n)|)\|tpk(>\)'
k=0
In view of the results from the preceding subsections, it follows that

o0

[ ) du = )y AP Y e BRI s o)
e k=0
If we define ¢; by the equation
[ e = @ry A Y NG ) = @) (219
e k=0

then we obtain e **f = f % ¢;. The function ¢, is called the heat kernel, which is known
to be positive and

/qt(z,w) dzdw = 1.

Hn

Moreover, the series defining ¢;(z) can be summed, giving the explicit expression

A no_1 2
A _ —-n — 3 A(coth tX)|z|
a'(:) = (4m) (o) o 7 (2.16)
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see [31, Theorem 2.8.1]. The heat kernel ¢;(z,w) satisfies the following estimate (see [31,
Proposition 2.8.2])

Qt(Z, w) < Cnt_n_le_%|(27w)\2

for some positive constants ¢, and a.

We are interested in proving a ground state representation for the fractional powers L;.
For this we need to obtain an integral representation for £, (stated as Proposition 4.1).
In the Euclidean case the corresponding representation reads as

Af(x)= [ (f(z)—f *pt(x))t_s_ldt

where p; is the heat kernel associated to A. From the explicit form of the heat kernel p;
we can easily prove the representation (see Proposition A.2)

A*f(x) = ens | (f2) = f(y)lx =y "> dy.

Using the heat kernel ¢; for £ it is not difficult to show that

Lf(x) = (f(x) — [ * qt(az))tfsfldt (2.17)

which unfortunately cannot be simplified to yield a usable representation.

Since we need to prove such an integral representation for £; we have to deal with
certain kernels related to g;. For 0 < s < 1, let us define the modified heat kernel K (z, w)
by the equation

T . Aty
s iAw _ A 21
/ i)™ do = () () (2.18)

where ¢;\(z) is the heat kernel given in (2.16). It is known that K{ is related to the heat
kernel associated to a generalized sublaplacian and hence it is positive. In fact, as shown
n [25], for any o > —3 the function K, o(r, w) defined by the equation

00 - o by at+l o 2
/Kt7a(7',1U)el)\wdw:(47T) 1(m) e 411>‘( th At)

— 00

is the heat kernel associated to the generalized sublaplacian
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& 20+10 1,8
L >0, weR
Or2 r or 4 ouw " v

and hence positive. Consequently, Kf(z,w) = t*T1K; ,1s+1(|2|,w) is also positive. In
terms of this kernel we obtain a formula for £, similar to (2.17) (see Proposition 4.1).
Moreover, the integral fooo K3 (z,w)t=*71dt can be evaluated explicitly, see Proposi-
tion 4.2. Some more important (but easily proved) properties of this kernel Kf(z,w)
are stated in the following lemma.

Lemma 2.1. Letn > 1, 0 < s < 1. For (z,w) € H", we have
/ICf(z,w) dzdw = 1. (2.19)
Hn

Moreover, it satisfies the estimate
Ki(z,w) < o e (GO (2.20)
for some positive constants ¢, and a.

Proof. By letting A go to 0 in (2.18) we see that

/ K (z,w) dw = (47Tt)*"e*ﬁ|2|2.

— 00

From this, (2.19) follows immediately. For the estimate (2.20) we refer to [26] where the
authors use the same argument as in [31] to prove the required estimate. O

In order to deal with A; we define another modified heat kernel K} by the relation

o0

Al )2_8. (2.21)

s AW A
/ K] (z,w)e"™ dw = ¢; (z)(cosh t\) (sinh v

—0o0

We strongly believe that this kernel is positive even though we do not have a proof.
However, all we need are the following properties.

Lemma 2.2. Let n > 1,0 < s < 1. For (z,w) € H", we have

/Kf(z,w) dzdw = 1. (2.22)

Hn

Moreover, it satisfies the estimate
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K3 (2,0)] < et lem HEWIE (2.23)
for some positive constants ¢, and a.

Proof. The integral (2.22) is evaluated as above. The estimate (2.23) can be proved by
modifying the proof given in [31, Proposition 2.8.2] for the heat kernel ¢; on H" (see
[26]). O

We remark that the integral fooo K} (z,w)t~*~1dt can also be evaluated explicitly, see
Proposition 4.4.

3. A fundamental solution for £, and the Cowling-Haagerup formula

Our proof of Hardy’s inequality for the fractional powers of £ hinges on Theorem 3.1
below, which is essentially proved by Cowling and Haagerup in [14, Section 3]. However,
for the sake of completeness we indicate a slightly different proof here. Following [14,
p. 530] we define, for § > 0,

_ stnt1

1
us,s(z,w) = ((5—|— Z|Z|2)2 + w2) : , (3.1)
where (z,w) € H". Note that
I 2 - s+n+1 —Q-2s
ugo(zw) = (5121 +u?) — 457 (2, )] (3.2)

where |(z,w)| = (Jz|* + 16w?)# is the homogeneous norm on H" and
Q=2n+2 (3.3)

is the homogeneous dimension of H". By an easy calculation we can check that u, s €
L'(H") for any s > 0 whereas us s € L?(H") for any s > — L.

Theorem 3.1. Let § >0 and 0 < s < L. Then for any f € W*2(H") we have

I
IJEJ()ﬂM)d(M)N | /ﬂ)sﬂ)d-

In order to prove Theorem 3.1, we need to calculate the Fourier transform of u; 5. The
Fourier transform of us; was computed in [14, Theorem 3.5] and [14, Proposition 3.6].
Note that us s is a radial function in the z variable and hence @ 5()) is a function of the
Hermite operator H(\), as explained in Subsection 2.2. In this way, let us write
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U/s 5 Z Ck 5 Pk (34)

Therefore, the task boils down to computing the coefficients 027 5(s). As we have men-
tioned this has been done already in [14] for the case 6 = 1 but for the sake of
completeness we include a different, more general proof here. This result is stated in
Proposition 3.2. As a consequence, we prove Theorem 3.1 which, in its turn, is a key
ingredient in proving Hardy’s inequality for £,. Moreover, at the end of this section,
we also obtain a closed form expression for the fundamental solution of the operator L,
which is needed in the proof of Hardy’s inequality for £ 1L.

The coefficients 02, 5(s) involve an auxiliary function which is given by the following
integral: for a,b € R* and ¢ € R we define

L(a,b,c) = /e‘a(2x+1)xb_1(1 + x)_cdx. (3.5)
0

The following proposition expresses 027 5(s) in terms of L.

Proposition 3.2. For 6 >0 and 0 < s < "T'H, we have

2k+n+1+s 2k+n+1—s>

b, e 2,

A

where c;, 5(s) are the coefficients appearing in the formula for ws s(A) in (3.4).

Proof. We begin with the following generating function identity for the Laguerre func-
tions of type n — 1, valid for |w| < 1 (see [30, (1.4.24)])

o0
/1 _1,2 o 114w,2
S whrp (5r)e = (1—w) e HE
2
k=0

By taking w = 3’3+I|>\‘ and changing 72 into |\|r? we obtain
> k 1 2 2
Ly~ ( Alr?)e 4 — X7 (@ 4 Ao A, 3.6
Z@<x+wM> Al N+ ) (3.6

For functions f, g defined on (0, 00) let F, G be their Laplace transforms defined by
F(a+1ib) = /e_(‘”'“’)96f(:v)dac7 (a+ ib) /e (atid)eg(x)de, a>0, beR.
0 0

Take 3 = 3(n+ 1+ s). Then with f(z) = g(z) = I(B)*af~te % > 0, we have
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F(a+ib) = G(a +ib) = (0 + a +ib)~". (3.7)
On the other hand, it can be checked, see [14, Lemma 3.4], that
/ F(a +ib)G(a + ib)e odh = 27r/f gz + |\|)e @2+ gy, (3.8)
Therefore, by (3.7) and (3.8), with a = {72, we get

0 1 C(ntltis) . o'}
/(w+1ﬁf+w)2" se%W%:2¢/ﬂ@ (2 + |Ae 5t gy
—00 0

As the function us s(z,w) in (3.1) is even in the w variable, the above formula means,
by taking into account (2.2),

(us.5)*(2) 27r/f g(x +|A|)e — 5@t gy (3.9)
0

Using the expansion (3.6), we can write
2 > 2
F@eHDIZP Z \m(p 4 (A)" ( ) ( Az ) HR[EL
= A"+ AT Y Al ,

k=0

so plugging this in (3.9) we obtain
—n|y[n = n— 1 —LIN]|2)?
(5,5 (2) = @m) "D e () Ly~ (SN2 ) e M
k=0
where the coefficients are given by
cs(s) = (2m)" ! /f(l’)g(x + AN @+ M) Fakde
0

oo
n+1
_ (2m)nt i /675(2@+\>\|)x5+k71(x+ |/\|)5—k—n—1dx.
T(3(n+1+s))

After simplification, in view of (3.5), we get

2k+n+1+s 2k+n+1-
- I
I(3(n+1+5))
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Moreover, by (2.4),
Uss(N) = /(usvg))‘(z)wA(z,O)dz,
Cn
and using (2.6) and (2.7), i.e., the fact that
1/l -1 z|? niy|—n

/ L7 (522 ) e NIy 2, 0)dz = (2m)" A B

Cn
we immediately get, in view of the expansion for (u,s)*(2),

s s(N) = D chs(5)Pr(N).
k

=0

This completes the proof of the proposition. O

According to [14, Proposition 3.6] the function L satisfies the following identity

L(A\ b, a)

for all a,b € C and A > 0. Using this identity and the formula for 0276(8) given in
Proposition 3.2 we obtain the following relation between cgjg(s) and 0275(—3).

Proposition 3.3. For 6 >0 and 0 < s < %‘H we have

F(n+1+s)2 F(2k+n 4 175)
A — (26)8 —s 2 2 2 A )
crs(—s) = (20)°|A| F(n+§—s)2 F(zk;n 138)%75(5)

Proof of Theorem 3.1. In view of Plancherel theorem for the Fourier transform on H"
given in (2.1), we only have to show that

(Lsu_ss)(N) = 0 a 5(N)
| r(==)"

for any A € R*. Now it is easy to see that Theorem 3.1 follows from Proposition 3.3.
Indeed, we have

U_ss(\) =Y Rs(=s)Pe(N).

k=0

By (2.11) and Proposition 3.3 it immediately follows that
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n+1+

— F

(Lsu—s,5)(A) = (40)°

S F N
+1 s 2 Z Ck 5 Pk (46)S%U5)5(>\)

And this proves the theorem. 0O

In view of Theorem 3.1, £ occurs as an intertwining operator between s s(\) and
U—_s,5(A). The family of functions u, s are defined even for complex values of s and they
are locally integrable as long as Re(s) < 0. It has a meromorphic continuation as a
distribution for other values of s. This justifies that we can apply Proposition 3.2 to
02’5(75). Assuming that 0 < s < 2L and letting 6 tend to 0 in the formula for 62’5(78)
we obtain

o @emrAITe iL( 2k+n+1—s 2k+n+1+s
2

i—an(N) i1 : > )PV,

It can be easily checked that

2k+n+1—s 2k+n+1+3)

e

This together with (2.11) means that

— (2W)"+125F(s)
(ﬁsu_& )(A) = 3
0 F(%(n +1— s))

In other words, by (3.2), we have that the function

T'(fn+1—s 2 on+1-3s 1 9 ~ .
((227-5)71—&-1251-\(2)) U_s,O(Z,’lU) = ml“(i(n +1-— s)) ‘(Z,w)| Q+2

is a fundamental solution for the operator £;. When s = 1 this reduces to

2n—2 nA 2
- 1= —Q+2
7T”+1F(2) (2 w)]

which is the fundamental solution of £ found by Folland in [16]. Let us denote the
fundamental solution of L4 by gs. Thus, summarizing, for x = (z,w) € H", the function

on+1-3sp(ntl=s 2 B
gs(x): 71—n+1§_’\(8§ ) |J}| Q-|-257 (310)

is the fundamental solution of Ly, i.e., it satisfies Lsgs = dy, where Jg is the Dirac delta
distribution with support at 0.
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4. Integral representations

In order to prove Hardy’s inequalities in the Heisenberg group, we will follow some
ideas used by Frank et al. [21] in the case of the Laplacian on R™. Therefore, we need to
establish ground state representations for the operators A; and L. These ground state
representations will be proved in the next section as consequences of integral representa-
tions for Ag and L4 which we show in this section. Once again, we remark that the way
to get the integral representations is based on the definitions with the heat semigroup.

Along the section, we will make use of several formulas and identities. We collect them
here altogether.

We will use the identity (see [23, p. 382, 3.541.1])

| T(#-5)rw+)

gr 1 . ’
T(g+5+1

/67’” sinh” Bt dt =
0

which is valid for Re 8 > 0, Rev > —1, Reu > Re fv.
In order to evaluate several integrals that arise later, we shall use (see [23, p. 498,
3.944.6])

[ ity e D) )
b/acu Le=P%(cos 0z) do = Wcos (,uarctan B), (4.2)

valid for Re > 0, Re 8 > |Im §|. Also, we have the formula [23, p. 406, 3.663.1]

/ 1

/(cosx — cos u)”_% cos ax dx = /E(sin u)’'T (1/ + —)P”ﬂ (cosu), (4.3)
2 2/ =3

0

2
of the first kind (see for instance [23, Sections 8.7-8.8]). On the other hand, we have [23,
p. 406, 3.663.2]

valid for Rev > —%, a>0,0<u<m, where Pa_”1 is an associated Legendre function

u

/(cos x—cosu)” ! cos|[(v+p)|rdr =
0

VL(B+ D)IT(v)T(2v) (sin u)? 1
2T(B+20) (v + 1)

Cj(cosu), (4.4)

valid for Rev > 0, Re 8 > —1, 0 < u < m, where C} is a Gegenbauer polynomial (see for
instance [23, Section 8.93]).

Recall the following representation for the associated Legendre function ([23, p. 969,
8.755])

(*32)"

T (4.5)

By Y (cos ) =
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Finally, it is known that
CY (cosy) = 2v cos, (4.6)
see for instance [23, Section 8.93].
4.1. The non-homogeneous case: the operator L

In this subsection we prove an integral representation for the operator L. Recall the
kernel KC§ (2.18) whose properties have been stated in Lemma 2.1. In terms of this kernel
we define another kernel IC; by

o0

Ks(z,w) = /Kf(z,w)tfsfldt. (4.7)

0

This kernel can be explicitly calculated (see Proposition 4.2):

Ks(z,w) = cpsl(z,w)| 7972 (4.8)
where ¢, is a positive constant which can be explicitly determined. Observe that the
kernel ICs is homogeneous of degree —@ — 2s. We obtain an integral representation for

the operator L, in the proposition below.

Proposition 4.1. Let n > 1 and 0 < s < 1. Then for all f € W*2(H") we have

Esf:/(f—f*lc,f)t‘s_ldt.
0
Moreover, the following pointwise representation is valid for all f € C§°(H™):

1 -1
Cof(z) = mH/ (F(@) — 1) Kaly ') dy,

where KCs(x) is given in (4.8).

Proof. We begin with the identity (4.1), taking v = —s, 8 = 1 and turning p — p + 1.
So, we have the formula

QI*S/e*(MH)t(sinht)*s dt =
0

which gives
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2°T(1 — s)I(

(4.9)

o0
(b+1-s /e_(’”'l)f (sinht)™%dt =
0
Moreover, an integration by parts gives

rd
e (P (sinh )~ dt = / 2 (1= e (sinh ) dt
0

(n+1)

s/(l — e~ DY) (ginh £)~* " (cosh t) dt.
0

Therefore, plugging the latter into (4.9), we get

2T(1 - )T
T (1 (cosht — e~ (#+D!(cosh t +sinh¢)) (sinh ¢) >~ dt

=S

=s [ (cosht—e #)(sinht)~* "' dt

=S

0\8 0\8 0\8

(cosht — 1)(sinh¢)™*~ 1dt+s/ (1 — e M) (sinh¢) =" dt
0

o0
=cs+ s/ (1 —e ) (sinht)"* "' dt
0
where ¢; is the constant given by
oo
/ (cosht —1)(sinht)~*~" dt.
0

Thus, by taking u = 2k + n and changing ¢ into |\|¢, we have

o0
2°T(1 —5) D (25" + 15°) / ~(k e
=c1 + 1 — e~ @FH) (ginh #) 51 gt
s F(Qk;rn_i_l;s) 1 / ( )( )
=1+ || / (1- 6_(2]””)‘}‘“)(sinht\)\|)_s_1 dt.
0

We now multiply both sides by |A|* f* %) ¢7(2). Thus
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1-\175 SF 2k+n+1+s .
e L
( 2 + 2 )
7 B LA ot e
1 — e~ @k+n)[Alty (AT A by s=1 g4
+/( ¢ )(sinht)\> Fhon (2t dt
0

Summing over k, and taking into account (2.8) and (2.15), we obtain

P i on) i S Lok i)

2 on(z)
T2 O

= a| AP z) +

A s+1
(PG = P o) (o) e

where ¢;' is as in (2.16).

We now rewrite the last integral as a sum of the following two integrals:

7 +1

A= )\ S -1 —s—1

A / smh t/\ )t dt,

0

7 s+1

— A A A —s—1
B= / f 51nh t)\) P (z))t dt.
0

Note that the first integral A is equal to

(oo}

s )\ —s—1 . s £A
IS ( / Smht l)t dt =: —ca| N FA(2).

0

It happens that ¢; = co. Indeed,

—ep= [ (cosht —1)(sinht)~>"dt + OO(( L) ) ear
C1 Cy = COS S11 sinht
0

((cosht)(sinht) ™57t —¢7571) dt.

0\8 0\8

Consider the integral

x e o sinh &
/ (cosht)(sinht)™*~1dt = / t—5 gt = /t,s,l dt — / 51 gt
)

sinh § 5 é
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This gives

i sinh &
/ ((cosht)(sinht)™*~ 1 —¢757 1) dt = — / ==L,
s

>

which converges to 0 as § — 0.
Therefore, by (2.2) and (4.8), the second integral B takes the form

[1ve

— [+ K (z, w))e”‘“’ dwt =1 dt.

\8

8

Consequently, by the spectral definition of £, in (2.13), since ﬁ = Wis)', we obtain

Lsf(z,w) = / (f(z,w) — fx Kf(z,w))tfsfl dt.
0

1
—s)|

The integral has to be interpreted as the Bochner integral of the L?(H") valued function
t— f— f*K;. By Lemma 2.1, we have

f(@) - f K@) = f(z) - / F)Ks () dy = / (F(x) — F()Ks (u ) dy.
HTL Hn

Thus we have proved the representation

L@ = T / / S a)dy )

We can interchange the order of integration: this is justified by using the stratified mean
value theorem (see [18, (1.41)]) under the assumption that f € C§°. Then by (4.7), we
obtain the required integral representation. By Proposition 4.2, the kernel K4 is given
by (4.8). The proof is complete. O

In the next proposition we prove the explicit form of the kernel ;. We are inspired
by the ideas in [4].

Proposition 4.2. Let n > 1 and 0 < s < 1. For (z,w) € H", we have
Ks(z,w) = Cn,8|(27w)‘_Q_2s

where the constant c, s is given by
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Cns = 2n71+357r7n71F(L8—|—1) 27

: (4.10)

and Q is the homogeneous dimension of H"™, given in (3.3).

Proof. We start with the expression

r AW _ r A t|/\| s+l —s—1
/ Ks(z,w)e"™" dw = /qt (z)(rnht‘/\') t dt.
—00 0

that follows from (2.18) and (4.8). By (2.16), and since the functions involved are even
in A\, we write

i n+s+1 1 2
K:b PIAw dw = 4 — 1 A(coth t)|z] dt.
/ (z,w)e w = (4) / smht)\ €
0

As the Fourier transform of I, in the central variable w is an even function of \ we have,
after taking the Fourier transform in the variable A,

s A n+s+1 1
Ks(z,w) =47"n""" 1// cosAu 1nht>\) e i Meoth N[ gy g
00

By the change of variables A — \|z|72, t — t|2|?, we obtain
Ks(z, |22w) = 2|20+ (1, w). (4.11)

Thus

T by n+s+1

/ / cos )\w ) e~ 3 (cothtA) g gy
smh tA

0 0

“npnl / / (cos AMw) A" Hse— 1 (coth ®) d)\)(sinht)_"+ st dt.
0 0

The integral in A can be evaluated by using (4.2) with g =n+s+1, 3 = $(cotht) and
0 = w. Then, we get

oo

/(cos )\w))\"“e_%(mth Ddx =
0 (w2 + & coth? t)

I'(n+s+1)cos ((n + s+ 1) arctan (Cft‘ﬁt))

n+s+1

Thus
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o] 4w
T(n+s+1) cos n+s+1)arctan (Cotht)) . Cimreit

Ko(lw) = = / — i (sinh )~ )dt. (4.12)

0 w2 - coth t)
With the change of variables u = % we have that the latter integral equals
4w 2 (n+s+1) o _ (nts+1)
/(ui) o (w2 + 16w )_ ° cos[(n+ s+ 1)arctan u]47w du
16w? — u? 16u? 16w? — u?
0

Ea (1+ u2)_nJr§+1 cos[(n + s+ 1) arctan u] du

4w
2 nts—1
=4ty ! / (1 - 1(1;?) T+ u2)_n+5+1 cos[(n + s + 1) arctan u] du.
0

Thus, with this and (4.12) we have

22T (n + s+ 1)

Ks(1,w) = —ri w (4.13)
where
Toooowramm
I:= / (1 — 16w2) (I+u®)"" 2 cos[(n+ s+ 1)arctan u] du.
0

Now we will see that the above integral can be explicitly computed in terms of Legendre
functions.
Making a second change of variable arctan u = z, the integral I becomes

arctan 4w

) nts—1
2

I= / (coszz— %) cos[(n + s+ 1)z] d=.
0

We can rewrite the above integral as

arctan 4w

(1+00822 1760822)
2 2 - 16w?

n+s 1

cos[(n + s+ 1)z] dz

I =

arctan 4w nts—1
2

<(cos2z)(l + L) - (L - 1)) cos[(n+s+1)z]dz

16w? 16w?

nts—1
=927 2
0

arctan 4w

_<1+16w2)% 1—16w2)%

3907 (cos 2z — T 160? cos[(n + s+ 1)z]dz
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2 arctan 4w
n+s—1

1 /1 + 16w?2y 2=t nts—1 n+s+1
() [ s e [0

0

1—16w?

167 and

where cosy =
n+s+1
2

. L e . __ n—+s
The integral can be evaluated using (4.3) by taking v = "3

a = . With this, and by the representation for the associated Legendre function
(4.5), the latter integral becomes

n+s

T, . o nts_/mAs+1\ _nts _fmmAs+1N\, . ape (siny) 2
\/ 5 (8i07) 2 F(T)Pngf (cosv)—\/gf(T)(smv) 2 e
n+s4+1
— \/EM( in2~)"z"
nts n+s
2973 F(-i-T-*-Q)

G F(n+;+1)( Sw )n+s
~V2om (5 1y 16w?/

because sin? vy = (14%1#2)2' This gives

;oL F(n+s+l) (1+ 16w2)"+§_1< Su )”+5
2V 297 (=52 3202 1+ 16w?
VT (Z ;+ ) ntstl
o2 (1 4 16w?) (4.14)
2 I(®52)
Finally, plugging (4.14) into (4.13), we have
QQSF(TL + s+ 1) \/_ P( 5+ ) ntstl
Ko(1, 2 1+ 16w ,
(L) = e T ) (4 160%) ™
or, by (4.11)
ICS(Z,U}) = ‘Z|—2(n+l+s)]cs (17 %) — cn7s|(z,w)|_Q_2S
where the constant ¢, s is given by
\/_271+25F(n 454 1) F(n+§+1)
Cn,s = VT n n+s+2)°
an+l NE==y
By using Legendre’s duplication formula
1
VaT(22) = 222_1F(2)I‘(z + 5) (4.15)

n+s+1
2

with z = , and after simplification, we get



136 L. Roncal, S. Thangavelu / Advances in Mathematics 302 (2016) 106—-158

o = g (MY

2

The proof is complete. O
4.2. The homogeneous case: the operator Ag

Our goal in this subsection is to prove an integral representation for the operator Ag
defined in (1.6) similar to what we have done for £ in Proposition 4.1. Tt is convenient
to work with A;_, = £;1£ and so we state our results for this operator.

Recall the modified heat kernel K;(z,w) defined by (2.21). The properties of this
kernel have been stated in Lemma 2.2. In terms of this kernel, we define another kernel
K, by

K(z,w) = /Kf(z,w)ts_2 dt. (4.16)
0

The latter can be explicitly computed (see Proposition 4.4), and it turns out to be

|22 -Q-2(1-
K (z,w) = ¢n.s | (z,w)| 7972075, (4.17)
|(z,w)[?

where ¢, ¢ is an explicit positive constant. Observe that the kernel K, is homogeneous
of degree —@Q — 2(1 — s).
We can now prove the following integral representation for A;_;.

Proposition 4.3. Let n > 1 and 0 < s < 1. Then for all f € W1=52(H") we have

A _of = /(f — fx KOt 5 at.
0
Moreover, the following pointwise representation is valid for all f € C§°(H™):
1
A = — — Ky (y~tz)dy,
= 1)|HZ (F() ~ F) Kaly™) dy

where K (z) is given in (4.17).

Proof. By taking v =s—1and =1 in (4.1), we have

—
)
N
!
—

NS
S
-
+
V)
~— |

T r
28/6_”t(sinh t)y~tdt =
I(
0
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We rewrite the above identity as

00 d (S)F(H + 175)

2° / — (1 —e ") (sinht)*tdt = p 22
| R+ 1)

Integrating by parts we obtain
(4 +45°) 7
t : s—2
w (1-s / (1 — e ") (cosht)(sinh¢)* ™= dt.
(ee)

By an argument analogous to the one used in the proof of Proposition 4.1, it can be
checked that

/ ((cosht)(sinht)*~% —¢*72) dt = 0.
0

In view of this we have

27 e (1 71 Y ht)( ' )27s)ts_2dt
— 7 Lo\ —S — € COb - .
K F(%—i—l“) sinh ¢

0

Thus, by taking u = 2k + n and changing ¢ into |AJ¢, we get

—s D(s)P (35" + 15 r —(2k—+n)t VIR a2
27%(2k 4+ n) 1"(2’“;‘”—}—% 1—5/ — ¢~ (2k4n) (cosht)<m> )t dt
0

Ll Al \2 oo
= (1— )AL (1— (k+n)tA (cosh ¢\ ( ) )ts 2 dt.
(-opet [ (1 (eosh ) (S
0

Multiplying both sides by (1 — s)~1(2m)~"|A["*17% fA % ¢ (2) and summing over k, we
see that

(

(1—s)~H@m) A" Z ) (2IA) 7 (2K + m)|A]) £ 1 0 (2)

k=0

= (27 "M"/(ZJM 2 i (2 Ze EEEIN (coshi¢|A)

t|>\| e A A 5—2
X(sinht|)\|) F7enpi(2) |17 dt.

F(

O
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By taking into account (2.12) and (2.14) on the left hand side, and (2.15) on the right
hand side, we obtain

oo

/ eMAL_ f(z,w) dw

— 00

B Or(_s))()/(fk() TRESVAC )(Cosht)\|)(si£}|;\tl|/\)2S)ts—zdt.

Then by (2.21), we can rewrite the above equation as

7 NN f(z,w) dw = ~—— ) /Oo(f’\(z) — A (Kf))‘(z))ts_2 dt.
oo 0

This simply means that

A f(x — f* KP ()t 2 dt.
R

By Lemma 2.2, we have
f@) ~ F K@) = @) = [ F)Ki e dy = [ (7(2) - 1) Ki (o) dy.
Hn Hr

Thus we have proved the representation

oo

Al sf

F) K (™ w) dy) 2 at,
0 H»

or, equivalently, assuming that we could interchange the order of integration, which can
be justified by using mean value theorem under the assumption that f € C§°(H"), we
get

Al sf( S — 1 | / Ks(yilx) dya

where K is the kernel defined in (4.16). By Proposition 4.4, the kernel K is given by
(4.17). This completes the proof of the proposition. O

In the next proposition we explicitly calculate the kernel K and show that has the
explicit form (4.17). The proof follows the lines of Proposition 4.2 but with certain
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modifications. Since tracking the constants is important, we show a complete proof, just
skipping some computations analogous to the previous ones. Observe that, from the very
definition, it is not difficult to check the homogeneity of Kj.

Proposition 4.4. Let n > 1 and 0 < s < 1. Let K (z,w) be given by (4.16). For (z,w) €
H™, we have

Ko(z,w) = ¢ps |2|(z,w)|7Q*2(1*5),

"z w)

where the constant cy, s is given by

[ 543 1-
Cns :2“+5*3S7r*”*1F<” ;+ )r(n+2 5), (4.18)

and @ is the homogeneous dimension of H"™, given in (3.3).

Proof. We start with the expression which defines the kernel K, namely

o0

Al N2
K,y (2, w)e™ dw = h [\ (7) 72 dt.
0

that follows from (2.21) and (4.16). By (2.16), and since the functions involved are even
in A, we write

T 7 n+2—s
/ K(z,w)e™ dw = (47)~ / Cosht)\ 1nht)\) e 1A(coth tA)[2]? g1
o o

As the Fourier transform of K, in the central variable w is an even function of A we
have, after taking the (Euclidean) Fourier transform in the variable A (2.3),

T A n+2—s 1 2

— no—n-— 1 ., — 3 A(coth tA)|z|
Kq(z,w) =4~ //cos)\w mht)\) (coshtA)e™ 4 d\dt.
0 0

By the change of variables A\ — \|z| 72, t — t|2|?, we obtain
K (2, |z|?w) = |2| 227 K (1, w). (4.19)

Thus
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oo o0
/\ n+2—s N
— 2 (coth t)
/ / cos Aw)(cosh t\) (sinh t)\) e 4 dt dA
00

= 4 g~ (nt1) / /cos)\w yAn s e~ (coth) d)\)(cosht)(sinht)_”_2+s dt.
0 0

The integral in A can be evaluated using (4.2), by taking uy =n+2—3s, 8 = %(coth t)
and § = w. Then we get

00 I'(n+2—s)cos ((n—s+2)arctan (f—lﬁ))
/(COS )\w))\n+2 s— 1 2 (coth t) d\ = — coth t .
1 2
0 (w2 + 15 coth t)
Therefore
I'n+2-2s)
KL w) = —
% cos ((n — $+ 2) arctan (4—1f1)>
X / nﬁjitz ! (cosht)(sinh )"~ 2% dt. (4.20)
0 (w2 + 15 Coth2 ) S
4w

With the change of variables u = we have that the latter integral equals

cotht

4w

2 1
gn—s+ly,—1 / (1 _ 1gw2) 2 (1+ UQ)% cos[(n + 2 — s) arctan u| du.

0

Thus, with this and (4.20), we have

22725 (n + 2 — )

K,(1,w) = e w ', (4.21)
where
4w
u2 s—n—2 d
I.—/(l— 16w2) —(1+u?) "= cos|[(n+2— s)arctan u] du.
0

Fortunately for us, we will see that the above integral can be explicitly computed in
terms of Legendre functions and Gegenbauer polynomials.
Making a second change of variable arctanu = z, the integral I becomes

arctan 4w .9 s 1
I= / (cos? z)%<coszz— ng—j) Y cos[(n+2—s)2] d.
w
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We can rewrite the above integral as

2 arctan 4w
n—s—1

E(mez) : / (cos 3/2)(cos B — COS’y)%H cos [Mﬁ} dg,

2\ 32w? 2
0

where cosy = %ﬁgzz By using the formulas cos(a + b) = cosacosb F sinasinb with
a = /2 and b = ”’T‘”Qﬁ, the latter integral is given as a sum of the following two

integrals:
2 arctan 4w 1
Jy = / (cos B — cosv)nfgf1 cos [Wﬁ} dg
0
and
2 arctan 4w 3
Jo = / (cos 8 — 0057)%2571 coS [w,@} dg.
0
The integral J; can be evaluated using (4.3), by taking v = 25* and a = 2t=5 and

then representation for the associated Legendre function in (4.5). Thus we have

n—s 1-— _n—s
J1 = \/g(siny)ZF(¥)PM2 (cos)
2

. n—s (Sln '}/) "”gs
- 3 z 7
)(bln’}/) 2n;sr(n_;+2)

:fLﬂEfl$Mw¥
2 2";51—\(n—23+2) :

On the other hand, J; can be evaluated by using (4.4) with v = 2=$*1 and 3 = 1. Then
we get

VAD(2)T (2= (n — s 4+ 1)(siny)" ™% n=s+1

Jo = — C; * (cosv).
? QTHF(n—s—i—Q)F(”_Ts“) ! ( )

With the identity (4.6), and after simplifying, we arrive at

m F(LH) . 9 \n=s
I =[5 g () o).

Thus

™ F(LH) . n—s
J1+J2:U§Wi_;+2)(sm2'y) 2 (14 coswy).
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1-16w? 2

Since cosy = 17767, We have sin?y = Ufi‘% and so
n+l—s
PR L s ) (=2 ) (=2 )
2 97 I("5*2) \1 + 16w? 1+ 16w2/’
This gives
T n+l—s s
I= 4\/77%10(1 16w (4.22)
2

Finally, plugging (4.22) into (4.21), we have

22727 (n + 2 — s) ['(22=2)
Ks(law) = 4ﬁ o+l F(nf§+2)

n—s+3

(14 16w?)~ " 2

or, by (4.19)

K — |y|—2+2-9) )¢ (1 Wy |22 —Q—2(1—s)
s va)_|z| s ’|Z|2 _CTL,S|(Z w)‘2|(z’w)|

where the constant ¢, ; is given by

22725F(n +92- S) F(n“rlfs)
Cn,s = 4ﬁ | F(n—zs+2) )

By using Legendre’s duplication formula (4.15) and simplifying we get

R (L e R S}

5. Ground state representations and Hardy inequalities

This section contains the proofs of our main results, namely, the Hardy inequalities
for both operators A; and L. Our proofs are fashioned after the one presented in [21] for
the case of the Euclidean Laplacian. From the integral representations obtained for L
and A; in the previous section we first prove the so called ground state representations
for these operators. With these and Theorem 3.1, Hardy inequalities then become imme-
diate corollaries. We first present a simple proof of Theorem 1.1 following a suggestion
given by the referee. This proof is short and elegant. Then we give another proof via
Theorem 1.2 based on ideas from [21], which gives some improvements: it requires an
integral representation for the operator Lg (which is provided in Proposition 4.1 and
it is of independent interest, although it gives a restriction on the parameter s), and
moreover it delivers an explicit expression for the error in the Hardy inequality.
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5.1. Proof of Theorems 1.1 and 1.2

The result of Theorem 3.1 can be restated as Liu_s s = Cs sus,5, valid for —”TH <

Q+2s1\2
s < "T'H, where Cs s = (45)511:ET;125)2 and @ is the homogeneous dimension of H"
given in (3.3). In particular, we have L_suss = C_ss5u_ss5 for 0 < s < ”T'H Let

v(z,w) = (6 + 1|2|*)? + w? so that us5 = v™*/2ugs. It then follows that the integral
operator Ty f = v™*/2L_ (v™3/2f) satisfies Tsug s = C_s 5ups. By Schur test it follows
that Ty is bounded on L?(H") and one has the inequality

‘ / T, f(x)mdx] <Clys / \f (x)|2dz.

Hn Hn

This inequality is equivalent to the boundedness of El_/ 8211*5/ 2 and v=s/22Y 32 leading to

[l e 2w < 0 [ 15,

H”» H~»

Applying this to r? f and noting that £_; = £;! we obtain the inequality in Theo-
rem 1.1 on a dense subspace. We also observe that if we take f = u_, s in Theorem 1.1
both sides of the inequality reduce to

Q+25\2
(46)8?2627425;2/1;&5(:5)118’5(13) dz.

Hn

'

This proves the optimality of the constant C; s in our inequality, which is achieved when
f = U—-s,5-

We now proceed to obtain a ground state representation for £, which will lead to the
ground state representation (Theorem 1.2) and hence another proof of Theorem 1.1. We
begin with the next lemma which easily follows from the integral representation proved
in Proposition 4.1.

Lemma 5.1. Let n > 1 and 0 < s < 1. Then, for all f € W*2(H")

(Lo, f) = an.s / W@ = JWE (5.1)

PR
HTL HTL

where an, s s the positive constant

on—2+3s F(%l%*s)2

s = Tt 0 (—s)]
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Proof. Let f € C§°(H"). The integral representation obtained in Proposition 4.1 gives

€t P = Ty / ( / £ K@) F @) dw)t‘s‘ldt.

By Fubini, the integral can be written as

T / / ) F@Ko(y~ ) du dy,

where s is given in Proposition 4.2. As the kernel KC,(x) is symmetric, i.e., Kq(z) =
Ks(x~1) the above is also equal to

FTomY -1
(Lot 1) = |// ) TKa(y ™) iz dy.
Adding them up we get

€t ) =gy | [ @) = rRK G ) d

H™ H™

The justification of the change of order of integration is as follows. By Proposition 4.2,
we have that Ks(z) = ¢y s|2|~972* with ¢, ¢ as in (4.10), and we can check that

[ [HEIOE 4y <o

|y71x|Q+2s
H”L H”L

when f € C§°(H™). Consequently, we can apply Fubini to obtain (5.1) for f € C§°(H").

Let us take now f € W*%2(H"). Choose a sequence f, € C§°(H") such that fj
converges to f in W*2(H"). It is clear that (L, fx, fr) converges to (L, f, f) as k tends
to infinity. Moreover, since we have just proved the result for functions in C§°(H"), we
have

_ 2
o) =ans [ [PRDZTIE dedy < . (53

H™ H"™

Consequently, the functions Fy(z,y) = fx(x) — fix(y) form a Cauchy sequence in L?(H" x
H™, du) where

1
du(z,y) = [y 1@V dz dy
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which converges to f(x) — f(y) in this norm. Hence, passing to the limit in (5.3), we
complete the proof of the lemma. O

We are now ready to state the ground state representation for the operator L. Let
us set

|f (2, w)l?
((6 + 3l2)? +w?)

%S[f]:<[’sfaf>_cs,5/ std’u)

Hn»

Q+2512
where C 5 = (46)3% is the constant defined at the beginning of Section 5. Hardy’s
4

inequality follows immediately if we could show that Hs[f] is non-negative.
Recall the definition of the function u, s(x) given in (3.1). Theorem 5.2 below is just
Theorem 1.2. We repeat the statement here for easy reading.

Theorem 5.2. Let 0 < s < 1 and § > 0. If F € C§°(H") and G(z) = F(z)u_ss(x)"
then

G(z) — G(y)|?
Hs[F] = an,s % U 5(w)u_ss(y)dedy,

where a5 15 the positive constant (5.2).

Proof. By polarizing the representation in Lemma 5.1 we get for any f,g € W*2(H"),

Cofog) = an, [ [T LG =IO 41

(5.4)

H~» H»

We apply the above formula to g(z) = u_ss and f(z) = |F(z)|*g(z)~!. We remark
that u_g s € W2(H"). Indeed, in view of Proposition 3.3 we know that Lou_gs is a
constant multiple of u,s. As both ugs and u_s 5 are square integrable it follows that
u_s,5 € WS2(H"). After simplification, the right hand side of (5.4) becomes

F(a) _Fy)[

g(x)  g(y)

dx dy
9(@9(1/)) W

ne [ [ (1P - P - |

Hm H»

On the other hand, in view of Theorem 3.1 the left hand side of (5.4) becomes

D(S2) [ |F(@)?

F(Q*25)2Hn u_s76<aj)

(46)° ug,5(z) dz.

'

Since
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Uus,s(x) 1222 w?
m*((5+4|\) + w?)

—S

by recalling the definition of G and using Lemma 5.1 we complete the proof of the
theorem. 0O

5.2. Proof of Theorem 1.5

We need the following analogue of Lemma 5.1 which easily follows from the integral
representation proved in Proposition 4.3.

Lemma 5.3. Let n > 1 and 0 < s < 1. Then, for all f € W=52(H")
A _of, f) =D (w)l* (y‘z)drd (5.5)
(A1-sf, s |y 1x|Q+218)wy x) dx dy, .

where w(z,w) = |z||(z,w)| ™% and by, s is the positive constant

- gn+4—3s ]_"(n-'rg—s)r(n-‘r%—s)

== T IC(s — 1] (5.6)

Proof. We first assume that f € C§°(H"). The integral representation obtained in Propo-
sition 4.3 gives

(M—sf, f) = |/</ [ KP(2)f(z) dx)ts_zdt.

As in the proof of Lemma 5.1, by using Fubini, the integral can be written as

T(s—1 |// ) (@)K, (y~'z) dz dy.

H» H™

As the kernel K (z) is symmetric, i.e., K (z) = K,(x~!) the above is also equal to

(aifF) = = / [ G =~ 1) T o) do dy

Hn HTL
Adding them up we get
TLHTL

By Proposition 4.4, Ky(x) = ¢, w(x)|z|~ 272079 where ¢, 4 is as in (4.18), and we can
check that
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\2 -

H» H™

when f € C§°(H"). Consequently, we can apply Fubini to change the order of integration

to obtain (5.5) for f € C§°(H"), with bns = gz

We will extend the result to f € W1=%2(H") and, as before, we use a density argu-
ment. Choose a sequence fr € C§°(H") such that fi converges to f in W!=%2(H"). It
is clear that (Aj_gfk, fx) converges to (A1_sf, f) as k tends to infinity. Moreover, as w
is bounded function, we have

|fu(2) = Ay |fu(z) = frly)?
/ |y~ 1a|Q@+2(1- To—1,Q+2(1—s) w(y™ dxdy<C// |y—1x|Q+2 1 s) dx dy
Hn» Hr
= Qn,1—s <»C1fsfk, fk>

where we have made use of the result in Lemma 5.1. Consequently, the functions
Fe(x,y) = fu(x) — fr(y) form a Cauchy sequence in L*(H" x H", du) where

w(y 'z)
du(z,y) = W dz dy

which converges to f(x) — f(y) in this norm. Hence, passing to the limit in

- 2
et i =t [ [ w0y iy,

H» Hn»

we complete the proof of the lemma. O

We are now ready to state the ground state representation for the operator A;_;. Let

us set
|f(2)[?
H[f] ANi-sf, ) — By, s | |2(1 ) dx
H7Z
where B,, , = 22n+301- S)W Hardy’s inequality follows immediately if we could

show that H,[f] is non-negative. Recall that we have denoted the fundamental solution
of Ls by gs, which is a constant multiple of u_; o, see (3.10) in Subsection 3.

Theorem 5.4. Let 0 < s < 1. Let F € C§°(H") be supported away from 0 and G(z) =
F(x)g1(z)~! then

G(z) — G(y)|?
H,[F] = bn,S/ Mg%gl@) 91(y) dz dy,

H» H™
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where by, s is the positive constant (5.6).

Proof. By polarizing the representation in Lemma 5.3 we get for any f,g € W'=2(H"),

(Aiof.g) = / / e ety ) dedy. (5)

We apply the above formula to g(x) = u_15(x) and f(z) = |F(x)[*g(x)~". After simpli-
fication, the right hand side of (5.7) becomes

2

e | F@ P [T
b )SH[HZ <|F($) F(y)| u—l,é(x) U—l,&(y) —1,6( ) _175(y)>
w(y 'z

P LA dx dy.

On the other hand, the left hand side of (5.7) can be simplified using the explicit formula
for the Fourier transform of u_1 5. Observe that (A1_sf,g) = (f, L5 Lu_1,5) = (f,vs.s)
where v, 5(z) = L7 Lu_1 s(x). Thus we have the identity

2

_ e | @ Pw P
(F. ) = b H/ H/ (17w - PP = | 20 - LU swhunato)
w(y~'z)

By the arguments showed in Sections 2 and 3 we can deduce that the Fourier transform
of v s is given by

[eS)
'Us 6 Z a ,5
k=0

where

0 5(5) = (2k 1 m) A} 5(~1)(2IA) £E+—

Using the explicit formula for 027 5(s) in Proposition 3.2 we have

_l’_
_|_

e
D(Z

) 2 )L )| 2k+n 2k+n
@ 4(s) = (2 + )N 21A) B (n, 2 2 ),

By letting § go to zero and noting that
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[(2ktn
L(O,2k+n’2k+n+1): Q(k ) _ 2
2 2 L(2in 4 1) 2k+n

we see that vs s converges in the sense of distributions to

—a8 n —S 2
Q(Zﬁ)nﬂg o 9(2m)n+1 antl-8sT (mtlos) e
i ST TEE T erG) |

Thus (f,vs,s) converges to

22n+3(175)r(n+;—s)2 |F(z)]?

HONCE RSO

On the other hand, as F' is supported away from 0, the right hand side of (5.8) converges

e [ | (|F<m> F)P -

H™ H»

to

w(y 'z)
91(55)91(2!)) [y Lz|@r20—s) dzx dy.

Since

1
w(y lz
b [ [ 1F@) = PP 20 dady = (Ao FF),

H» H»

the ground state representation is proved. O

Remark 5.5. The ground state representation proved above immediately leads to Hardy’s
inequality under the assumption that F' is supported away from the origin. However,
this extra condition can be removed arguing as follows. Note that for any § > 0 we have
proved the inequality

|F ()|

u-1,5(v)
H’Vl

vs,5(x)de < (Aq_ F, F)

valid for any F' € C§°(H™). Since

—n 2 2n |F(:C)|2
4 |[F(2)|%| 2| vs,s(x)dx < | ——=vss(x)dr < (A1_F,F)
P u_1,5()

Hn

we can pass to the limit as § goes to zero. As v, 5 converges in the sense of distributions
to a constant multiple of g5 we get the required inequality.
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5.3. Hardy inequalities for L°

Now, by comparing L with £° we can obtain Hardy inequalities for £°. We have
stated them in Theorem 1.4 and Theorem 1.6. These inequalities involve certain bounded
operators U and V; and by estimating the norms of these, we can get Hardy inequalities
for £°. Though the resulting inequalities are not sharp, we state them here for the sake
of completeness.

We will estimate in detail the norm of V. Since V, = £, LL*, it corresponds to
the multiplier

(2I<:+n)1 I(Ztn 4 )
2 T 2k;rn_|_2§s)

which clearly shows that it is bounded on L?(H"). Moreover, the formula (see for instance
[32, Section 7]),

F(JE + Oé) r (z+a) 'u —v\B—a—1
To1d) /e —e™Y) dv
0
valid for § — a > 0, gives
F(II? + Oé) _ IL’ + 5 /Do (m+a)v —v\B—«
(x+ﬂ)F(az+B+1) TATiza) e e )P % dv
0

< (x+ B)(x + o)~ B,

Consequently, if a > 0, we have that 2%~ O‘}:Eiig; < iig With z = 2k+", B = 2;5 and

_ S
a = 5 we get

(2k+n)1—8 [(2kkn 4 2) (2k +n+2—s) < (n+2—s)
2 (2t 4 222) = 2k+n+s) — (n+s)

Thus, we have the inequality

22n+35r n+s 2 2
CORES (Z; °) ( ) [V <"|”2)J d.

I T ()
In a similar way we can also estimate the norm of Us = L,£7°, that is given by (1.5).
We leave the computation for the interested reader.
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5.4. Hardy-Littlewood—Sobolev inequality for L

In this subsection we briefly recall the Hardy-Littlewood—Sobolev inequality for L,
due to Frank and Lieb in [20] and show how to deduce a slightly weaker form of Hardy
inequality for L. In the present subsection we follow the notation used in [11]. Therein
the group law on the Heisenberg group is given by

(z,w) (2, w') = (2 + 2w+ w' 4+ 2Im(z - 2')

and the sublaplacian L is defined as

I 50 o
L=—-7> (X7+Y7).

j=1

Here the vector fields adapted to the above group structure are given by

- 0 0 ~ 0 0 .

Recall that our sublaplacian £ is defined by

n
e
j=1
with

0 1 0 0 1 0
X, = [ — + 2. — Y,=— - ~x,— =1,2,...
j (85(}] +2yjat)7 J (3% zl'jat), J y 4y ,

It is easy to see that these two operators are related by the equation Lg(z,w) =
(Lf)(2z,w), where g(z,w) = f(2z,w). More generally, we have L,g(z, w) = (Lsf)(2z,w).
The HLS inequality as stated in [11] reads as

F l+nts 2 R 2(n+1) Eﬁn
(1+i—s)2w2nnﬂ1</9(2»w)"“SdZdw) < (Lsg,9)-
F( 2 ) Hn

Since

/Lsg(z,w)g(z7w)dzdw = 2_2"/£Sf(z,w)f(z,w)dzdw
Hn

H”™

the HLS inequality for £, takes the form
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152
T 14nts)? _a B 2(nt1) E:;if)s B
F(1+72Lfs>2w2n:—il-l <2 2n/ |f(zaw)|n+l_s dZdw) S 2 2n<£sfa f>
2 Hn

Now by applying Holder’s inequality,

n+l—s
¥ D)

| 2

/ l9(z ) s dzdw < k(n,1)7+1 (/ l9(z,w) Mdzdw>
(1222 + w?) o

where k(n, 1) is the constant defined by

k(n,1) = / (1 + 2+ w2)_n_1dzdw.

H’n,
This integral has been evaluated in [14] and we have

7Tn+12—2n

_ 2—2n—1 n
T(n+1) Wt

k(n,1) =

n+1

where the measure w,, of the unit sphere S” in R"*! is given by I%EFT%ZU Thus we have

| 2

dz dw

T 1+n+s)2/ lg(z,w)

r(Eg=)? ) (0+ 1P +u?)

H’VL
ntl—s
(n+1)

I (Lltnts 2 . .
< 457( 2 ;2 (2_2”_1w2n+1) nHt (/ |g(z,w)|i(+1+13dzdw>
2 H»

| 2

=~ dzdw < 27+ (Lyg, g).

()’ gz, w)
! [(Ltn=s)? / (L +212)? + w?)

H'n.

Consequently, we have the inequality

D (Ltnts)? 2 3
2 )2/ |{(Z,’U})| Sdzdw§2m<£sf7f>
I (Ltn=s) J (1 + 112?24+ w?)

which is weaker than the inequality stated in Theorem 1.1.
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Appendix A. Hardy’s inequality in the Euclidean case revisited

For the sake of completeness, here we recall and reprove the fractional Hardy inequality
in the Euclidean space (1.4).

It was already said in the introduction that an improvement of this inequality was
obtained by Frank et al. in [21], by using the ground state representation technique. We
are going to reproduce the proof, but getting an integral representation of the fractional
powers of the Euclidean Laplacian via the semigroup language. Although the integral
representation in this Euclidean case is well known, maybe the use of the semigroup
language to get it is not so known. Moreover, since our integral representations for the
conformally invariant powers of the sublaplacian are based on the semigroup language,
we would also like to show that the Euclidean case can be treated with the semigroup
approach as well. Moreover, the constants are quickly obtained in this way.

We recall that the heat semigroup was introduced systematically to define fractional
powers of second order partial differential operators in [28].

Let us follow the scheme we showed for the fractional powers of the conformally
invariant sublaplacian on H". Nevertheless, we will not show the proofs rigorously, since
they can be found somewhere else.

For z € R™ and t > 0, let G¢(x) denote the Euclidean heat kernel, that is,

1 _l=12

Gi(z) = We 1t

For a function f good enough, the heat semigroup e ** f is defined as the convolution

(G * f)(a), thus

e f(z) = / Gilz — y) /() dy.

It is very well known that e~ *21 = 1.
Let 0 < s < 1. In terms of G¢, we define another kernel G, by
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1 r —s—1

This kernel can be explicitly computed. Actually, we have a more general result. Let
a € R be such that 0 < @ < n/2, and define

o0
||
go(2) = =—— /e*TtO‘*l*"/2 dt.
0

We can easily check the following elementary lemma.

Lemma A.1. Let n > 1 and o € R be such that 0 < o < n/2 and x € R™. Then,

_ F(n/z B a) 2a—n
92(¥) = T gammre @
Proof. The proof follows immediately after making the change of variable z = %, and
taking into account the definition of the Gamma function. O
Observe that, in particular, from Lemma A.1, we have that
4°T(n/2+5), | _os_n
Gs(x) (n/ ) || =25, (A1)

T (=82

An integral representation for A®f can be obtained for functions f € S, where § is
the class of rapidly decreasing C*°(R") functions. The complete, rigorous proof of this
result can be found in [28, Lemma 5.1].

Proposition A.2. Letn > 1 and 0 < s < 1. Then, for all f € S, we have the following
pointwise representation

A*f(z) = P.V. / (F(@) — 1(9))Gal — ) dy,

R

where Gs(x) is given in (A.1).
Proof. We have

e B f(z) — flx) = e P f(x) — flx)e P (x)

I
)
~+
—
S
|
s
~
—
<
N~—
QL
<
|
Kﬁ
—
8
T
Q
~
—
=
|
s
Q
NS
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Then, motivated by the numerical identity A% = ﬁ Joo(e7 = 1)+, X > 0, we have

: dt
- I'(—s) O/R[ Gi(x —y) (f(y) - f(as)) dym
= p(is) /(f(?/) - f(x)) /Gt(x y)% y
Rn ,

R™

The justification of the change of the order of integration is detailed in [28, Lemma 3.1] O

Then, the procedure is as described in [21]. The next lemma follows from the integral
representation in Proposition A.2, by using the symmetry of the kernel.

Lemma A.3. Let n > 1 and 0 < s < 1. Then, for all f € C5°(R™)

f(z) = f(y)?
(A°f, f) = en,s/ W dx dy,
R?’L Rn
where e, s is the positive constant

4°T'(n/2 + s)
ens = 1.
T 2I0(=s)|mm /2

Finally, let the corresponding ground state representation for the operator A® be given
by

Hs[f] - <Asf7 f> - En,s/ |J|(£:|r2)s|2 d,
Hn
where
n—ZQS)Z
E,s= 481“ =n0 (A.2)

In the following theorem it is shown that H,[f] is positive.
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Theorem Ad4. Let 0 < s < 1, s < n/2, and o > s. If u € C°(R™) and v(z) =
w(x)(ga(x))"t. Then

v\T
H,| _ens//‘ WS g (2)0a(y) i dy.
]R’ILRTI

Proof. By polarizing the representation in Lemma A.3, we get, for any f,g € C§°(R™)

(A'f,g) = ens / iz) _IJ; (ﬁ))y(lfg_g( D gy, (A.3)

R” R™

We take g(z) = go(z) and f(z) = |u(z)]ga(z)™"

- Since ga(§) = [€[7%, and by
Plancherel, the left hand side of (

A.3) equals

/\ﬁlsf(ﬁ £)de = /f e[ de = /| |29a s )
i

R

After simplification, the right hand side of (A.3) becomes

e[ [ (|u<:c> —uly)P -

R™ R™

2

@)1 )

u(z)  uly)
9oa(2)  galy)

7@ EPWEEER dx dy.
By Lemma A.3, and taking into account the definition of g,, the proof is completed. O

As a corollary, we recover the fractional Hardy inequality in the Euclidean space

Corollary A.5. Let n > 1 and 0 < s < 1 such that n/2 > s. Then, for u € C°(R™)

have
| (@)]? s
Envs/ ‘(E|2‘S dI§<A f7f>a
R’I’L

where the sharp constant B, s is given in (A.2).

Proof. From Lemma A.3 and Theorem A.4 we can deduce immediately that

(A, f) > /lf Ian N U/ /lf j2- 4

o(T) P(a—s)T'(n/2 — |sc\29

where we used Lemma A.1 in the last equality. By choosing o = % + 3, we obtain the
required result. O
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